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Abstract
Twisting process for homogeneous algebras is de1ned. It consists of a particular kind of
actual deformations controlled by a multiplicative cosimplicial quasicomplex C• related to each
homogeneous algebra. The elements implementing twist transformations are a subclass of the
counital 2-cocycles of C•. Such transformations are studied by means of their co-homological
properties. It is shown they de1ne an equivalence relation between homogeneous algebras, in
such a way that cubic Artin–Schelter regular algebras of type S1 (including parafermionic and
plactic algebras with two generators) belong to the same class.
c© 2003 Elsevier B.V. All rights reserved.
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1. Preliminaries
Let A=⊕n∈N0An be a graded connected algebra with associative product m and unit
map . Let  be a linear bijection  :A ⊗ A → A ⊗ A such that
(Ar ⊗ As) ⊂ Ar ⊗ As; ∀r; s∈N0 (1)
and de1ne with it a new product m
:= m. Suppose m is associative and
(⊗ I) = ⊗ I and (I ⊗ ) = I ⊗  (2)
are ful1lled. Then, A supplied with m de1nes another unital associative algebra A
with the same unit map . Moreover, from Eq. (1), A has the same gradation as
A. That is to say, for each one of such bijections we have a deformation A of the
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graded connected algebra A, which we shall call the twisting of A by . Now, a
couple of questions arise: what kind of condition(s) must be imposed on  in order to
ensure m is associative (when m is), and which is the relationship between algebras
A and A? The main aim of this paper is to answer last question in the scenario of
homogeneous algebras [2].
By a homogeneous algebra of degree N , or simply N -homogeneous algebra, we
understand a pair A=(A1;A) where A is a unital associative k-algebra generated by a
1nite dimensional subspace A1 ⊂ A, such that the kernel of the canonical epimorphism
 :A⊗1  A (de1ned by the inclusion A1 ,→ A) is a graded bilateral ideal generated
by a subspace I ⊂ A⊗N1 . In other words, ker=⊕n∈N0In is de1ned by homogeneous
relations I of degree N :
In =


0; n¡N;
n−N∑
k=0
A⊗n−N−k1 ⊗ I ⊗ A⊗k1 ; n¿N:
(3)
Note that, in particular, A is a graded connected algebra with An
:= (A⊗n1 ). (Here
A⊗1 =⊕n∈N0A⊗n1 denotes the tensor algebra of A1, being A⊗01 =k some of the numeric
1elds R or C.) Morphisms A→ B between them are algebra homomorphisms  :A →
B that restricted to subspaces A1 give rise to linear maps 1 :A1 → B1. Following
terminology of [2], we shall denote HN Alg the related categories. Note that H2 Alg =
QA, the category of quadratic algebras. An alternative description of homogeneous
algebras can be given in terms of pairs (A1; I) (as in Ref. [2]), which characterize A
up to isomorphisms. In these terms arrows (A1; I)→ (B1; J) in HN Alg are linear maps
1 :A1 → B1 such that ⊗N1 (I) ⊂ J.
These algebras can be seen as a particular kind of quantum spaces [19], called N th
quantum spaces in [10]. For each N they give rise to a full subcategory of the conic
quantum spaces or conic algebras CA (see also [10]). It is worth mentioning most of
our results are also valid for the general conic case.
Homogeneous algebras of degree N are a natural source of N -complexes which are
not of simplicial type [13], appearing in BRS-like constructions [7] and other physical
applications [14,15] (see also [5]). Here we relate to such algebras another kind of
(quasi)complexes, which are (co)simplicial, but of a non abelian character.
For any homogeneous algebra A=(A1;A), each automorphism  of A⊗A satisfying
(1) can be described in terms of a simpler one
 :A⊗1 ⊗ A⊗1 → A⊗1 ⊗ A⊗1 = (A⊗r1 ⊗ A⊗s1 ) ⊂ A⊗r1 ⊗ A⊗s1 :
They are related by equation
( ⊗) = ( ⊗) : (4)
Using this, we 1nd suJcient conditions on  which becomes m = m into an as-
sociative product. This is done in terms of a multiplicative cosimplicial quasicomplex
C•[A1] related to each pair A=(A1;A) (in an analogous way as formal deformations
[8] of an associative algebra are controlled by its Hochschild complex [11]). Construc-
tion and investigation of this structure is developed in Sections 2.1 and 2.2. Our study
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focuses in low geometric dimensions. Twist transformations are de1ned in Section 3
in terms of particular counital 2-cocycles of C•[A1]: the so-called A-admissible and
2nd A-admissible ones. Last transformations give rise to a subquasicomplex C•[A] ⊂
C•[A1], and lead us exactly to usual Drinfeld cotwists [4] of A, induced by those of
end[A]=A!•A, the internal coEnd object of A in HN Alg, and its A-comodule struc-
ture (see also [18], p. 52). This fact can be deduced from the isomorphism C•[A] 
G•[end[A]], being G•[X] the quasicomplex related to Drinfeld cotwists of the bialgebra
X (see Ref. [18]). On the other hand, we show in Section 3.4, twisting process gives
rise to an equivalence relation between homogeneous algebras. For instance, belonging
to the same class are
• (Section 3.1) free commutative (resp. anti-commutative) algebras and related quan-
tum spaces An|0q (resp. A
0|n
q ) [19],
• (Section 3.2) Drinfeld cotwists of a bialgebra in HN Alg,
• (Section 3.5) the cubic Artin–Schelter regular algebras of type S1 [1], and conse-
quently the plactic and the parafermionic algebras with two generators (see [6] and
references therein).
Equivalent homogeneous algebras are completely characterized, in a simple way, in
terms of its de1ning relations I and cohomological aspects of twist transformations.
Isomorphisms G•[end[A]]  C•[A] enable us to study gauge-equivalent quantum
symmetries of a quantum space A, in the sense of Drinfeld cotwists, by means of
equivalence classes of A, in our sense, using above mentioned characterization. We
brieNy see at the end of the paper how this idea can be applied to Artin–Schelter
algebras.
Twist transformations can be seen as an alternative approach to actual deformations
(contrasting with the formal ones) of 1nitely generated graded algebras, as those re-
cently investigated by Kontsevich [16] in the context of deformation-quantization in
algebraic geometry.
2. Cosimplicial quasicomplex structures related to homogeneous algebras
Let us 1x from now on an N -homogeneous algebra A= (A1;A). Consider the sets
N×n0 of n-fold multi-indices R= (r1; : : : ; rn). In these terms
(A⊗1 )
⊗n = ⊕
R∈N×n0
A⊗R1 ; A
⊗R
1
:= A1⊗r1 ⊗ · · · ⊗ A1⊗rn : (5)
Here N×00 = {0}. Let us indicate by Cn[A1] the subgroup linear automorphisms of
(A⊗1 )
⊗n such that  (A⊗R1 ) ⊆ A⊗R1 for all R. The unit element of Cn[A1] is I⊗n, being
I :A⊗1 → A⊗1 the identity map. Note that each  ∈Cn[A1] can be described by a sum
 =⊕R∈N×n0  R.
Based on these groups we shall de1ne multiplicative cosimplicial quasicomplex struc-
tures in terms of which our twist transformations will be de1ned and analyzed. We
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shall mainly follows terminology and notation of [17]. (Analogous constructions can
be found in [3] for tensor categories, and in [18] for bialgebras.)
2.1. The quasicomplex C•[A1]
From now on we shall write C•[A1]=C•, just for brevity. The multiplication m⊗ of
A⊗1 restricted to each subspace A
⊗r
1 ⊗A⊗s1 de1nes canonical isomorphisms A⊗r1 ⊗A⊗s1 
A⊗r+s1 =A
⊗r
1 ·A⊗s1 . Here X ·Y denotes the image under m⊗ of X⊗Y, with X and Y
inside A⊗1 . On the other hand, consider the functions
Dni = I × · · · × D × · · · × I :N×n+10 → N×n0 ; i∈{1; : : : ; n};
where the sum on integers D : (n; m) → n+ m acts on the ith and (i + 1)th factors of
N×n+10 . In terms of these functions, given R=(r1; : : : ; rn+1) with n¿ 0, the restrictions
to A⊗R1 of the maps
mni = I ⊗ · · · ⊗ m⊗︸ ︷︷ ︸
i factors
⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
n−i factors
: (A⊗1 )
⊗n+1 → (A⊗1 )⊗n; (6)
16 i6 n, de1ne canonical bijections mRi :A
⊗R
1  A⊗D
n
i (R)
1 . The latter give rise to group
homomorphisms ni :C
n → Cn+1 by the assignment
 → ni  = ⊕
R∈N×n+10
[ni  ]R; [
n
i  ]R = (m
R
i )
−1 Dni (R)m
R
i : (7)
Using the identi1cation A⊗R1 ≈ A⊗D
n
i (R)
1 , we can write in compact form
ni  ≈ ⊕
R∈N×n+10
 Dni (R): (8)
Let us also de1ne the group homomorphisms n0; n+1 :C
n → Cn+1, for n = 0, being
n0 =I⊗ and nn+1 = ⊗I. For n=0 any element ∈C0 is a map 1 → ∈ k−{0}. So
we can de1ne 00;1 by the assignment v∈A⊗1 →  · v∈A⊗1 . In resume, we have built
up a set of group homomorphisms ni (coface operators), i∈{0; 1; : : : ; n+ 1}; n∈N0.
Consider now, for i∈{0; 1; : : : ; n}; n∈N0, the linear transformations
ni = I ⊗ · · · ⊗ I︸ ︷︷ ︸
i factors
⊗ ⊗ ⊗ · · · ⊗ I︸ ︷︷ ︸
n+1−i factors
: (A⊗1 )
⊗n → (A⊗1 )⊗n+1 (9)
related to the unit map ⊗ : k → A⊗1 , and the functions Sni :N×n0 → N×n+10 such
that Sni (r1; : : : ; ri; ri+1; : : : ; rn)=(r1; : : : ; ri; 0; ri+1; : : : ; rn). Since ⊗ as a map over A
⊗0
1 =
k is the identity, the map ni restricted to some A
⊗R
1 de1nes a canonical bijection
Ri :A
⊗R
1  A⊗S
n
i (R)
1 . From 
n
i and S
n
i we have the group homomorphisms (codegenera-
cies) ni :C
n+1 → Cn:
 → ni  = ⊕
R∈N×n0
[ni  ]R; [
n
i  ]R = (
R
i )
−1 Sni (R)
R
i : (10)
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Summing up, from the monoidal structures of A⊗1 and N0 it easily follows
Proposition 1. The assignment [n + 1] → Cn[A⊗1 ] de3nes together ni ’s and ni ’s a
cosimplicial object in the category of groups Grp.
Consider the map @ that assigns to each  ∈Cn; n∈N0, an element of Cn+1
@ = @− (@+ )−1 =
(∏
i odd
ni  
)( ∏
i even
ni  
−1
)
: (11)
Note that @2 = I⊗n+2 in general. Also @±; @ :Cn → Cn+1 are not a group homomor-
phisms for every n, but satisfy @±; @ : I⊗n → I⊗n+1. Consequently,
Proposition 2. The pair (C•; @) de3nes a multiplicative cosimplicial quasicomplex
over the category Grp∗ of groups and unit preserving functions.
Note that (C•; @+; @−) is a parity quasicomplex over Grp∗ [12].
We recall the notions of cocycles, coboundaries, cohomology relation and counitality
for a quasicomplex, and introduce some notation.
• An n-cocycle is a cochain ∈Cn satisfying @ = I⊗n+1. We indicate Zn the set of
n-cocycles in Cn.
• Two n-cochains  and ′ are called cohomologous if ∃∈Cn−1 such that
@−(@+)−1 = ′ holds (here n∈N). We write  v ′ if  and ′ are coho-
mologous through , or simply  v ′. We must mention that the cohomology
relation is not an equivalence relation for all n.
• An n-coboundary is an element !∈Cn with I⊗n v !, i.e. ∃∈Cn−1 satisfying
@−(@+)−1 = !. We denote Bn the n-coboundaries of Cn.
• An n-counital cochain is a map ∈Cn satisfying for 06 i6 n − 1; n−1i = n−1i ,
i.e. n−1i  = I⊗n−1. Each Cn indicates the subgroup of counital cochains in C
n.
We are interested in cochains satisfying ( ⊗ I) = ( ⊗ I) and (I ⊗ ) = (I ⊗ )
(see Eq. (2)). Since 10 = (I ⊗ ) and 11 = ( ⊗ I), such conditions can be rewritten
1i = 
1
i ; i = 0; 1. These are exactly the counital cochains. It is easy to show,
Proposition 3. The restriction @C of @ to the subgroups Cn de3nes a subquasicomplex
(C•; @C) in the category Grp∗.
Subsets of cocycles and coboundaries in C• will be indicated by Zn and Bn.
To end this subsection, let us say that isomorphic linear spaces give rise to equivalent
cosimplicial objects and quasicomplexes: if f :A1  B1 is a linear isomorphism, then
the maps
fn :Cn[A1]→ Cn[B1] :  → [f⊗]⊗n [(f−1)⊗]⊗n (12)
are group isomorphisms satisfying fn+1ni = 
n
i f
n and fnni = 
n
i f
n+1.
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2.2. Some low-dimensional aspects of C•[A1]
• Given ∈C0 it is easy to see that @=I, i.e. B1={I}. Then cohomologous pairs in C1
are equal cochains, and accordingly the 1rst cohomology space is H 1[A1] = Z
1[A1].
• For any ∈C1 we have @−= 1; @+= 20= ⊗ ; thus
@= @−(@+)−1 = (1)(⊗ )−1: (13)
Then, a 1-cocycle is an element ∈C1 such that 1 =  ⊗ , or r+s ≈ r ⊗ s.
In particular, s ≈ 0 ⊗ s, so 0 = Ik. This means that  must be counital, i.e. the
equality Z1 = Z1 holds. Moreover, since cocycle condition is equivalent to m⊗ =
m⊗1=m⊗(⊗);  is a 1-cocycle iQ is an algebra automorphism of A⊗1 obeying
(A1) ⊂ A1. Then, Z1 = Z1  GL(A1).
• For the square of @ on C1 we have
@2= 1(@)3(@)0(@)−12(@)−1
= 1(@)(@⊗ I)(I⊗ @)−12(@)−1
and using 1( ⊗ ) = 1 ⊗ ; 2( ⊗ ) =  ⊗ 1, and that the ni ’s are group
homomorphisms, it follows from (13)
@2= 1(1)2(1)−1: (14)
Further, restricting 1;2(1) to some A⊗r1 ⊗ A⊗s1 ⊗ A⊗t1 , we have
[1(1)]r; s; t ≈ [1]r+s; t ≈ r+s+t ;
[2(1)]r; s; t ≈ [1]r; s+t ≈ r+s+t ;
and accordingly [@2]r; s; t ≈ r+s+t−1r+s+t = Ir; s; t ; i.e. @2= I⊗3.
• A 2-cocycle is an element  ∈C2 satisfying 1 ( ⊗ I) = 2 (I⊗  ), or
 r+s; t( r; s ⊗ It) ≈  r; s+t(Ir ⊗  s; t): (15)
A counital 2-cochain ful1lls the equations  (1 ⊗ a) = 1 ⊗ a and  (a ⊗ 1) = a ⊗ 1,
that is to say,  0; s ≈ Is and  r;0 ≈ Ir . From (15) is easy to see that
 0; s ≈  0;0 · Is and  r;0 ≈  0;0 · Ir ; (16)
regarding  0;0 as an element of k. That means,
 ∈Z2 iQ  ∈Z2 and  0;0 = 1: (17)
We have previously seen that B2 ⊂ Z2. Now we show the other inclusion and some
related consequences.
Theorem 4. Every  ∈Z2 is a coboundary. Moreover, for every linear map $ :A1 
A1 there exists a unique ∈C1 such that  = @ and 1 = $.
Proof. Given a cochain  ∈C2 (non necessarily a counital 2-cocycle) and a map
$ :A1  A1, let us de1ne linear isomorphisms n :A⊗n1  A⊗n1 , being 0 :=  −10;0 =
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1= 0;0; 1
:= $, and n+1
:=  n;1(n ⊗’); n¿ 1. Let us show that if  is a 2-cocycle,
then
r+s ≈  r; s (r ⊗ s); (18)
or equivalently  =1(⊗)−1 =@. We will make induction on s. Recall that, since
Eq. (16),  r;0 ≈  0;0 · Ir for all 2-cocycle. Then for s= 0, by de1nition of 0 and 1,
Eq. (18) holds. For s+1;  r; s+1(r ⊗ s+1) ≈  r; s+1(Ir ⊗  s;1)(r ⊗ s ⊗’). Using Eq.
(15) for t=1;  r; s+1 (r⊗s+1) ≈  r+s;1( r; s⊗I)(r⊗s⊗$)= r+s;1( r; s(r⊗s)⊗$),
and from the inductive hypothesis (i.e. validity of Eq. (18))
 r; s+1(r ⊗ s+1) ≈  r+s;1(r+s ⊗ $) = r+s+1;
as we wanted to show. Now, consider another  such that  =@ and 1=$. From (18),
0 = 1= 0;0 and the rest of  is given inductively by the equation n+1 =  n;1(n ⊗$),
concluding in this way the proof of the our claim.
Corollary 5. If  ∈Z2, then  ∈B2. In addition, 3xing an automorphism $ of A1,
there exists a unique ∈C1 such that  = @ and 1 = $.
Proof.  is counital if and only if  0;0 = 1 (see Eqs. (16) and (17)). This makes
0 = I0 = 1, i.e.  is counital.
These results motivate de1nition of a subgroup P1[A1] ⊂ C1[A1] constituted by
counital 1-cochains  such that 1 = I. We shall call primitive the elements of this
subgroup. From now on, when we write  = @, we are supposing  is in P1, unless
we say the contrary.
Until now, we have seen every 2-cocycle is a coboundary, i.e. it is cohomologous
to the identity. In addition, from straightforward calculations it follows:
Theorem 6. Consider a pair of cochains  ; ’∈Z2 with primitive ; . They are co-
homologous through = !−1, with ! an arbitrary element of Z1.
As an immediate corollary we have the cohomology relation in Z2 is an equivalence,
and that the second cohomology space H 2[A1] is trivial.
2.3. Admissibility conditions and C•[A]
Let us call A-admissible, or admissible for A, the elements  of Cn[A1] such that
 (ker⊗n) ⊂ ker⊗n. For a 2-cochain such condition is equivalent to
 (A⊗s1 ⊗ Ir + Is ⊗ A⊗r1 ) = A⊗s1 ⊗ Ir + Is ⊗ A⊗r1 : (19)
It is clear that each admissible cochain gives rise to a unique automorphism  of A⊗n
through equations ⊗n=⊗n (which for n=2 reduce to (4)). These are the cochains
in terms of which our twist transformation will be de1ned. Unfortunately the subgroups
formed out by them do not de1ne a subquasicomplex of C•[A1]. Nevertheless, most
of important properties of twisting process can be characterized in terms of C•[A1].
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On the other hand, there does exist a subgroup Cn[A] of admissible n-cochains, the
2nd admissible ones, such that
i(C
n[A]) ⊂ Cn+1[A] and i(Cn+1[A]) ⊂ Cn[A];
and consequently (C•[A]; @) is a cosimplicial subquasicomplex of C•[A1]. They are
de1ned by conditions
 (A⊗p11 ⊗ · · · ⊗ (A⊗pi1 · I · A⊗r1 )⊗ · · · ⊗ A⊗pn1 )
=A⊗p11 ⊗ · · · ⊗ (A⊗pi1 · I · A⊗r1 )⊗ · · · ⊗ A⊗pn1 ; (20)
for all pk; q; r ∈N0; 16 k; i6 n; which clearly imply  (ker⊗n) ⊂ ker⊗n. Note
for n= 2, conditions above reduce to
 (A⊗s1 ⊗ (A⊗p1 · I · A⊗r1 )) = A⊗s1 ⊗ (A⊗p1 · I · A⊗r1 );
 ((A⊗p1 · I · A⊗r1 )⊗ A⊗s1 ) = (A⊗p1 · I · A⊗r1 )⊗ A⊗s1 : (21)
Let us list (without proof) some facts related to quasicomplexes C•[A].
(1) If  :A  B is an isomorphism in HN Alg, then Eq. (12), replacing f by 1,
de1nes an isomorphism • :C•[A]  C•[B] of quasicomplexes in Grp∗.
(2) The subgroups of counital cochains give rise to a subquasicomplex C•[A] of
C•[A].
(3) Since Z1[A] is given by the 1-cocycles ∈Z1[A1] such that
(A⊗p1 · I · A⊗r1 ) = A⊗p1 · I · A⊗r1
(i.e.  is a bijective algebra endomorphism), then Z1[A] = Aut[A], the group of
automorphisms of A. On the other hand, B2[A] = B1[A1] = {I}. Thus the 1rst
cohomology space H 1[A] coincides with Aut[A].
(4) Since @2 = I⊗3 for all ∈C1[A1], and in particular inside C1[A], we have
B2[A] ⊂ Z2[A].
(5) It can be shown that @ is also an equivalence in Z2[A]. Then the second coho-
mology space H 2[A] can be de1ned.
(6) From Theorem 4 we know that for every  ∈Z2[A] ⊂ Z2[A1] there exists
∈C1[A1] such that  = @. But we cannot ensure  belongs to C1[A]. In par-
ticular, H 2[A] it is not necessarily trivial (as H 2[A1]).
(7) Consider the functors !; ◦ and • de1ned in HN Alg (see Refs. [2] or [10]). (The
following results will be demonstrated and developed in more detail in a forth-
coming paper [9].) For each  ∈Cn[A], let us de1ne the automorphism
 ! := ( ∗)−1 : (A∗⊗1 )
⊗n → (A∗⊗1 )⊗n: (22)
It can be shown  !∈Cn[A!]. Moreover, the function  →  ! is bijective and satisfy
@ !=(@ )!. In other words, Eq. (22) de1ne functorial isomorphisms C•[A]  C•[A!].
On the other hand, let  ∈Cn[A] and ’∈Cn[B]. Then,
j( ; ’) = ⊕
R∈N×n0
[j( ; ’)]R = ⊕
R∈N×n0
 R ⊗ ’R (23)
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is an element of Cn[A©B], with ©=◦; •. The maps j :Cn[A]×Cn[B]→ Cn[A©B]
are group monomorphisms such that j(@ ; @’) = @j( ; ’).
Coming back to point 6, if  is admissible or 2nd admissible, we cannot ensure
so is its primitive. Nevertheless, a characterization of such primitives can be given as
follows.
Proposition 7. Let  be the primitive of  ∈Z2[A1];  is A-admissible i8
 −1(A⊗s1 · Ir + Is · A⊗r1 ) = A⊗s1 ·  −1(Ir) +  −1(Is) · A⊗r1 ; (24)
and  is 2nd A-admissible, i.e.  ∈Z2[A], i8
 −1(A⊗s1 · I · A⊗r1 ) = A⊗s1 ·  −1(I) · A⊗r1 : (25)
Proof. Eqs. (24) and (25) follows form Eqs. (19) and (21), and the fact that  = @,
which implies −1r+sm⊗ = m⊗(r ⊗ s)−1 −1r; s for all r; s (also note that  −1(A⊗s1 ) =
A⊗s1 ).
3. Twisting by 2-cocycles
Suppose A=(A1;A) has a related algebra structure (m; ), and let  be an admissible
element of C2[A1]. Since  gives rise to a unique automorphism  of A ⊗ A by the
equation ⊗2 =⊗2 (see Eq. (4)), we can de1ne with it a new algebra structure
over A, namely A 
:= (A; m ), with m = m. This process gives rise to an actual
deformation: suppose  depends on a parameter ˝∈ k, in such a way that  = I⊗2
when ˝= 0; then A = A˝ de1ne a family of algebras, being A0 = A.
Proposition 8. If  is an A-admissible element of Z2[A1], then m is associative and
has  as unit map.
Proof. We just shall prove m is associative, and left unitality to the reader. Using
the fact that  is an algebra homomorphism: m⊗=m⊗2, associativity equation for
m (multiplying to the right by ⊗3) is equivalent to
m⊗ (m⊗ ⊗ I)( ⊗ I) =m⊗ (I ⊗ m⊗)(I ⊗  ):
From de1nition of 2i , we have m
2
i 
2
i  =  m
2
i ; therefore
 (m⊗ ⊗ I) = (m⊗ ⊗ I)1 and  (I ⊗ m⊗) = (I ⊗ m⊗)2 
for i = 1 and i = 2. Thus, m is associative iQ (using associativity of m⊗)
m⊗(I ⊗ m⊗)(@ − I⊗3) = 0;
which holds trivially because  is a 2-cocycle.
Proposition 9. Let  be the primitive of  . The linear surjection  de3nes a canon-
ical epimorphism of algebras A⊗1  A such that restricted to A1 gives the inclusion
A1 ,→ A .
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Proof. Since ∈P1, we have that 0;1 = I0;1 (which means () = () and (A1) ≡
A1), and consequently  is a unit preserving map and de1nes the inclusion A1 ,→ A .
It rest to prove that
m (⊗) =m⊗: (26)
In order to do that we can show m⊗ ( ⊗ ) = m⊗ (from which Eq. (26) follows
by multiplying  to the left). But this equation restricted to a subspace A⊗r1 ⊗ A⊗s1
means  r; s(r ⊗ s) = [1]r; s and this is true since @=  .
Theorem 10. If  is an A-admissible element of Z2[A1], then A = (A1;A ) is an
object of HN Alg. Moreover, if I generates the ideal related to A, then I (the related
to A ) is generated by  −1(I), being  the primitive of  .
Proof. From theorem above A is generated by A1, and its related ideal is ker =
 −1(ker). Note that, writing ker = ⊕n∈N0In, we have ker = ⊕n∈N0 −1(In).
Suppose  is 2nd admissible. Then, from Eqs. (3) and (25)
 −1(In) =  −1
(
n−N∑
k=0
A⊗n−N−k1 · I · A⊗k1
)
=
n−N∑
k=0
A⊗n−N−k1 ·  −1(I) · A⊗k1 :
Thus, ker is generated by  −1(I). If  is just admissible, we can show equation
above by induction on n¿N , using Eq. (24).
These results enable us to make the following de1nition.
De/nition 11. Given A = (A1;A) and a related A-admissible counital 2-cocycle  ,
we de1ne the twisting of A by  as the N -homogeneous algebra A = (A1;A ).
In the terminology of [2], the twisting of A=(A1; I) by a cochain  ∈Z2[A1] gives
the pair (A1;  −1(I)), being  the primitive of  . In these terms, twist transformations
could be de1ned by 1-cochains  satisfying Eqs. (24) or (25). Note that, taking a basis
ai of A1, if I ⊂ A⊗N1 is linearly generated by a set of elements Ri1 :::iN ai1 : : : aiN , then
I is generated by
Ri1 :::iN (
−1)(ai1 : : : aiN ) = R
i1 :::iN
 (
−1)j1 :::jNi1 :::iN aj1 : : : ajN : (27)
Let us mention, from the results of previous section concerning to 2nd admissible
cochains (see Eqs. (22) and (23)), it can be easily shown
(A )! = (A!) ! and A ©B$ = (A©B)j( ;$); ©= ◦; •: (28)
For instance, 1rst equality follows from equation ( −1(I))⊥ =  ∗(I⊥).
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3.1. The quantum (super)plane
Let A2|0 =(A1;A) be the quadratic algebra with A=k[a; b], the freely commutative
algebra generated by a; b∈A1. Consider the basis of A⊗1
{af1bg1 : : : afk bgk : f; g∈N0; k ∈N}
and, for every element v there, the positive numbers ma(v) :=
∑k
i=1 fi and m
b(v) :=∑k
i=1 gi. Now, given ˝∈ k let us de1ne the 2-cochain
 : v⊗ w → exp[ma(v)mb(w)˝]v⊗ w:
The counitality is immediate since, taking v or w equal to 1; ma(v)mb(w) = 0 holds.
This cochain is A-admissible (it is actually 2nd admissible), in fact,  gives rise to a
linear automorphism  of A⊗2 such that
(anbm ⊗ arbs) = exp(ns˝)anbm ⊗ arbs: (29)
The formula above de1nes  completely, because the set {anbm}n;m∈N0 is a basis for
A. Also,  is a 2-cocycle. This follows straightforwardly by noting
1 (u⊗ v⊗ w) = exp[(ma(u) + ma(v))mb(w)˝]u⊗ v⊗ w;
2 (u⊗ v⊗ w) = exp[ma(u)(mb(v) + mb(w))˝]u⊗ v⊗ w:
Accordingly, the product m =m=? is associative, and from Eq. (29) for n= s=0
and m= r = 1; a ? b= exp˝b ? a follows. Thus, A2|0 is isomorphic to the quantum
plane A2|0˝
:= k〈x; y〉={xy− exp˝yx}. The map  also de1nes an admissible 2-cocycle
for the superplane A0|2, given by a Grassmann algebra in two variables. Writing again
m = ?, we have the relation a ? b = −exp˝b ? a, thus A0|2 is isomorphic to the
quantum 0|2-dimensional superplane A0|2−˝ = k〈; /〉={/ + exp˝/; 2; /2}. These
results can easily be generalized to any quantum space An|0˝ and A
0|n
˝ .
3.2. Twisting of bialgebras and 2nd admissible cocycles
For every bialgebra B, there exists a cosimplicial quasicomplex (G•[B]; d) in Grp∗
(see [18, p. 52] such that dual version of Drinfeld twists, or Drinfeld cotwists, are their
counital 2-cocycles. The groups Gn[B] are given by the invertible elements of B∗⊗n
w.r.t. its corresponding convolution product ∗. The bialgebra structure over each B⊗n
is the usual one, and we shall indicate it by (1(n); 2(n)). In these terms, 2(n) is the unit
of ∗, and given ’;  in Gn[B] we have ’ ∗  = (’⊗  )1(n).
Recall the Drinfeld cotwist of a bialgebra B with product m, by a 2-cocycle ∈G2[B],
is a new bialgebra with the same coalgebra structure and product m =  ∗ m ∗ −1.
We say A is a bialgebra in the monoidal category (HN Alg; ◦;K) if A has a coal-
gebra structure given by arrows 1 :A→A ◦A and 2 :A→K in that category. In
particular, A1 is a coalgebra with coproduct 11 = 1|A1 and counit 21 = 2|A1 . The pair
(1⊗1 ; 2
⊗
1 ) de1nes a bialgebra structure on A
⊗
1 , and  is a bialgebra epimorphism.
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For each bialgebra in HN Alg we have a pair of quasicomplexes
G•[A] := G•[A] and G•[A1]
:= G•[A⊗1 ]:
It can be shown, given ∈Gn[A], that ⊗n ∈Gn[A1] and that
B
:= (⊗n) ∗ I⊗n ∗ (⊗n)−1
= (⊗n ⊗ I⊗n ⊗ (⊗n)−1)(I⊗n ⊗ (1⊗1 )(n))(1⊗1 )(n) (30)
is an element of Cn[A]. Moreover, the assignment  → B de1nes a group anti-
homomorphism such that @B = Bd holds for all ∈G•[A]. In particular, if  is a
counital 2-cocycle of G2[A], then B ∈Z2[A]; that is to say, B is a 2nd A-admissible
counital 2-cocycle. Thus, we can de1ne on A a twisting through  as a bialgebra, and
a twisting through B as a homogeneous algebra. The result is the same. To see that
let us note
⊗nB = (⊗n ⊗⊗n ⊗ (⊗n)−1)(I⊗n ⊗ (1⊗1 )(n))(1⊗1 )(n)
= ( ⊗ I⊗n ⊗ −1)(I⊗n ⊗ 1(n))1(n)⊗n
= ( ∗ I⊗n ∗ −1)⊗n:
Accordingly the product related to AB is
mB = m( ∗ I⊗n ∗ −1) =  ∗ m ∗ −1:
In other words, every twisting of a bialgebra in the category HN Alg (in the sense of
Drinfeld), can be seen as a twisting by an element of C2[A].
Another relation between twistings of C2[A] and twistings of bialgebras is given by
the isomorphism of quasicomplexes C•[A]  G•[end[A]], being end[A]=A! •A the
internal coEnd object of A. Group isomorphisms Cn[A]  Gn[end[A]] are induced
from Lin[A1;A1]  Lin[A∗1 ⊗ A1; k] and their tensor power analogues. For instance,
given a set ai of generators of A, it assigns to  ∈C2[A], with
 (ai1 : : : ais ⊗ ais+1 : : : ais+r ) =  j1 :::js; js+1 :::js+ri1 :::is ;is+1 :::is+r aj1 : : : ajs ⊗ ajs+1 : : : ajs+r ;
the linear form
g (z
j1
i1 : : : z
js
is ⊗ zjs+1is+1 : : : zjs+ris+r ) =  j1 :::js; js+1 :::js+ri1 :::is ;is+1 :::is+r ; (31)
of G2[end[A]], being zji = a
j ⊗ ai the related set of generators of end[A]. It easy to
see that dg = g@ , and that the twisting de1ned by an element  ∈Z2[A] is the same
as the one induced by g and the coaction of end[A] over A.
Let us mention that function  → B given above establish a correspondence between
maps ! and j (de1ned in Eqs. (22) and (23)), and isomorphism  → g , through
equation j( !;  ) = Bg .
3.3. Twistings and the cohomology relation
We have seen that cocycle condition for a 2-cochain insure the associativity of its
related deformed product. But, when can it be insured these products de1ne a twisted
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homogeneous algebra isomorphic to the original one, or when two twisted homogeneous
algebras are isomorphic? The following theorem gives the answer to these questions.
Theorem 12. Consider a pair $;  of A-admissible elements of Z2[A1]. Then, A’ 
A i8 $ v  , with  admissible for A. In particular, A  A i8  ∈B2[A1],
being the primitive of  an admissible cochain.
Proof. Let us 1rst suppose A’ A , that is to say, there exists a linear automorphism
4 :A  A such that 4(1) = 1 and, in a basis {ai} of A1; 4(ai) = $ji aj and
4(ai1 ·’ : : : ·$ aik ) = $j1i1 : : : $jkik aj1 · : : : · ajk ; k ∈N0;
being $ji the matrix elements of an automorphism $ :A1  A1. If  and  are the prim-
itive of ’ and  , last equation can be written 4k =k’⊗k . Thus the 1-cochain ,
given by k =k$⊗k−1k , is admissible and belongs to C
1[A1]. Calling ! the 1-cocycle
such that !r = $⊗r , then  = !−1. From Theorem 6 it follows that $ and  are
cohomologous.
Now suppose ’ and  are cohomologous through an admissible cochain ∈C1[A1].
Let 5;  and 4 the maps de1ned by ’;  and , respectively. In particular 4 :A → A,
de1ned by the equation 4 = , is a linear automorphism satisfying 4(A1) ⊂ A1.
On the other hand,
m ⊗2 =m⊗2 = m⊗21’(⊗ )−1 =m⊗1’(⊗ )−1
=m⊗’(⊗ )−1 =4m⊗’(⊗ )−1
=4m’(⊗ )−1 =4m’(4⊗4)−1⊗2;
where equation mni 
n
i  = m
n
i was used in the fourth equality. Since  is surjective,
equality m (4⊗4) =4m’ follows from above one. This means the linear automor-
phism 4 de1nes an algebra map 4 :A’ → A such that 4(A1) ⊂ A1, therefore it
de1nes an isomorphism A’ A .
Note that if ’;  ∈Z2[A], then A’ A iQ ’v  (as elements of C2[A]). Thus,
equivalence classes of 2nd admissible twisting of A are in one to one correspondence
with the elements of the second cohomology space H 2[A].
3.4. The gauge equivalence
In this subsection we show that twist transformations can be composed and have
inverse. To start with, let us note that, from Theorem 4, @ de1nes a bijection P1[A1] 
Z2[A1].
Proposition 13. The set Z2[A1] is a group under the product
( ; ’) →  ? ’ :=  (⊗ )’(⊗ )−1;
being ∈P1 the primitive of  ; and P1  Z2 is a group isomorphism.
162 S.D. Grillo / Journal of Pure and Applied Algebra 189 (2004) 149–166
Proof. Suppose  is the primitive of ’. Then
 ? ’= @ ? @ = @(⊗ )@(⊗ )−1 = 11(⊗ )−1( ⊗ )−1
= 1( ⊗ )−1 = @();
and accordingly, @ translates the product of P1 into ?. Hence, ? is associative with
unit I⊗2 = @I, and each  ∈Z2 has inverse i = @( −1).
Theorem 14. Given A∈HN Alg and a couple of counital 2-cocycles  and ’, admis-
sible for A and A , respectively, we have  ?’ is A-admissible and (A )’=A ?’.
In addition, i is admissible for A and (A )i =A.
Proof. Let  and 5 be the automorphisms of A⊗2 related to  =@ and ’, respectively,
i.e. ⊗2 =⊗2 and 5()⊗2 = ()⊗2’. Then, 5⊗2 =⊗2( ⊗ )’( ⊗ )−1
and
5⊗2 =⊗2 (⊗ )’(⊗ )−1 =⊗2 ?’:
Since the product of (A )’ is (m)5 = m(5), the 1rst claim of the proposition
follows. The second one is left to the reader.
De/nition 15. We shall say a couple of N -homogeneous algebras A and B are twist
related, namely A v B, if there exists an A-admissible cochain  ∈Z2[A1] and an
isomorphism  :A  B.
Analogous calculations as above show the following result.
Theorem 16. The twist relation is an equivalence relation. More precisely, pairs (;  )
form a groupoid based on N -homogeneous algebras with composition and inverse
(6; ’)?(;  ) := (6;  ?’
−1
1 ) and i(;  ) := (−1; i 1 ):
Recall that 1 is the restriction to A1 of a homomorphism  with domain (A1;A),
and  1 is given by (12) (replacing f by 1).
Twist equivalence can be restricted to 2nd admissible cochains (if  ∈Z2[A] and
’∈Z2[A ], it can be shown  ? ’∈Z2[A] and i ∈Z2[A ]).
Theorem 17. Suppose A;B∈HN Alg have associated relations I and J, respectively.
Then Av B i8 there exists linear isomorphism # :A⊗1  B⊗1 such that #(A⊗n1 )=B⊗n1
and
#(A⊗r1 · Is + Ir · A⊗s1 ) = B⊗r1 · Js + Jr · B⊗s1 ; for all r; s: (32)
If equivalence A v B is implemented by a 2nd admissible cocycle, then # must
satisfy (instead of (32))
#(A⊗r1 · I · A⊗s1 ) = B⊗r1 · J · B⊗s1 : (33)
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Proof. We just prove the theorem for 2nd admissible cochains (the general case can be
proved analogously). Suppose there exists  ∈Z2[A] and an isomorphism  :A  B.
If  is the primitive of  , then (see Theorem 7)  satis1es Eq. (25). On the other hand,
since  de1nes an algebra homomorphism A  B, we have ⊗1 (I ) = ⊗1  −1(I) = J.
These facts ensure #= ⊗1 
−1 :A⊗1 → B⊗1 is the map we are looking for.
Reciprocally, consider an homogeneous linear bijection # :A⊗1  B⊗1 satisfying (33).
Given a basis {ai} of A1, if #(ai) = bi, then {bi} is a basis of B1, and we can write
#(ai1 : : : ain) = (#n)
j1 :::jn
i1 :::in bj1 : : : bjn ; #(1) = 1:
The assignment 1 =#|A1 : ai → bi de1nes a linear bijection, and # can be decomposed
as #=⊗1 
−1 with =#−1⊗1 . Let us consider the counital 2-cocycle  =@. Multiplying
Eq. (33) by (⊗1 )
−1 to the left, we obtain Eq. (25), which is exactly the condition for
 to belong to Z2[A]. Now, using again (33) and (25), and 1xing r= s=0, equation
⊗1 (I ) = J follows. That is to say, A can be de1ned, and 
⊗
1 gives rise to an
isomorphism between the latter and B.
Now, consider the spaces L(n)i =A
⊗n−N−i
1 · I ·A⊗i1 ; n¿N and 06 i6 n−N , related
to a given N -homogeneous algebra A, and its intersections
⋂(n)
i1 :::ik [I]=L
(n)
i1 ∩· · ·∩L(n)ik ,
where il ¡ il+1. As a corollary of last theorem we have.
Corollary 18. Under conditions of theorem above, A v B by a 2nd admissible
cochain i8
A1  B1 and
(n)⋂
i1 ;:::; ik
[I] 
(n)⋂
i1 ;:::; ik
[J] for all n and i′s: (34)
Proof. If A v B, then there exists linear injections
⋂(n)
i1 ;:::;ik [I] ,→
⋂(n)
i1 ;:::;ik [J] coming
from inclusions #(
⋂(n)
i1 ;:::;ik [I]) ⊂
⋂(n)
i1 ;:::;ik [J], derived the latter from Eq. (33). Symmetry
of twist equivalence implies there also exists injections
⋂(n)
i1 ;:::;ik [J] ,→
⋂(n)
i1 ;:::;ik [I] from
which validity of (34) follows.
Now suppose (34) holds. We must construct a homogeneous linear map #=⊕n∈N0#n
satisfying (33). Since A1  B1 we can use this isomorphism, namely %, to de1ne
#n :A⊗n1 → B⊗n1 for n¡N as #n = %⊗n. Now, let us 1x an integer n¿N ; (i) choose
a basis of
⋂(n)
0;1; :::; n−N [I]; (ii) extend it to a basis of each
(n)⋂
0;1;:::;iˆ;:::; n−N−1
[I]; 06 i6 n− N;
where symbol iˆ indicates that L(n)i is omitted from
⋂(n)
0;1; :::; n−N [I]; (iii) take the union
of mentioned basis, and extend it to basis of each
(n)⋂
0;1;:::;iˆ;:::;jˆ;:::; n−N−1
[I]; 06 i¡ j6 n− N;
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and so on, until have in this way a basis of each L(n)i and then of A
⊗n
1 ; (iv) do the
same for J and B⊗n1 .
Isomorphisms (34) enable us to de1ne a linear map #n satisfying (33), just sending
the basis related to I to the one related to J in an obvious way.
3.5. Artin–Schelter algebras and their quantum symmetries
Consider the family of 3-homogeneous (or cubic) algebrasAq; r=(A1;Aq; r) generated
by indeterminate e1; e2 ∈A1 and subject to relations
Rq;r = e2e21 + qre
2
1e2 − (q+ r)e1e2e1;
Sq; r = e22e1 + qre1e
2
2 − (q+ r)e2e1e2:
These are the cubic Artin–Schelter regular algebras of type S1 de1ned in [1]. Here we
presented them using the notation of [6]. In particular, B=A1;1 is the parafermionic
algebra, and P=A0;1 is the plactic algebra.
We are going to show all the elements of this family are gauge equivalent. Let
us denote the space of relations by Iq; r ∈A⊗31 , i.e. Iq; r = 〈Rq;r ; Sq; r〉. It is clear that
Iq; r  Iq′ ; r′ for all q; r; q′; r′ (we always have two linearly independent relations). By
direct computations, it follows that
A1 · Iq; r ∩ Iq; r · A1 = 〈e2Rq;r + qre1Sq;r〉= 〈qrRq;re2 + Sq;re1〉; (35)
which has dimension one for all q; r, and
A⊗21 · Iq; r ∩ Iq; r · A⊗21 = {0}:
Last equation enable us to write the rest of intersections
⋂(n)
i1 ;:::;ik [Iq; r] as products of
Iq; r , intersection (35) and factors A⊗k1 . Thus Eq. (34) holds, and consequently there
exists  ∈Z2[Aq; r] such that (Aq; r) =Aq′ ; r′ (the isomorphism i can be taken as the
identity). Cochain  can be chosen such that its primitive  at degree 3 is given by
ei · ej · ek → (3)lnmijk el · en · em with
(3)lnmijk =


1 · · · · · · ·
· 1 · · · · · ·
· · 1 · · · · ·
· · · 1 · · · ·
· − ′ a− a′ · 1 · · ·
· · · · · 1 · ·
· · · − ′ · a− a′ 1 ·
· · · · · · · 1


; (36)
being = qr and a=−(q+ r). It is easy to see that −13 (Iq; r) = Iq′ ; r′ .
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By last, let us mention that twisting process provides a convenient way for studying
the relationship between quantum symmetries of these algebras [6,20].
DiQerent notions for the quantum symmetry of a homogeneous algebra A can always
be obtained as an adequate quotient of the universal Hopf envelope GL[A] of the
bialgebra end[A] =A! •A [19]. Thus, we can study these symmetries by studying
corresponding internal coEnd objects. In the case of above mentioned Artin–Schelter
algebras, all these objects can be obtained through one of them. To see that, consider
for instance the parafermionic algebra B. From previous results we know that, for
every q; r, there exists a twisting  such that Aq; r =B . Now, combining equalities
of Eq. (28), it follows
end[B ] = (B )! •B = (B! •B)j( !;  ) = end[B]j( !;  ):
Thus, end[Aq; r] = end[B]j( !;  ) for some  ∈Z2[B]. Accordingly, relations de1ning
the quantum groups GL[Aq; r] can be derived from those of end[B], using Eq. (27)
and the fact that primitive of j( !;  ) is given by the assignment
zli · znj · zmk → (3)abcijk zda · zeb · zfc (−13 )lnmdef;
being zji = e
j ⊗ ei the generators of end[B].
Alternatively, since j( !;  ) = Bg (see Eqs. (22), (23), (30) and (31)), we have
end[B]j( !;  ) = end[B]g , where the last twist is as a bialgebra. That means bialgebras
end[Aq; r] are gauge equivalent in the (dual) Drinfeld sense.
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